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10.1 Margins and Support Vectors
LICESEZLA0E 2

Limitations of Linear Classifiers and Improvements

LR %0y 5 kA it



10. IIMargins and Support Vectors

» Starting from Linear Classification: Which Hyperplane is Better?

* Linear classifiers can find infinite separating 2z t
hyperplanes. & 4% BT ARE| LE A2 L A2-F
i)
* Key question: Which hyperplane has the best
generalization ability? WA -F & s 357
0 >

The most "central' hyperplane is least sensitive to perturbations and most robust.

BB PR RAHKE, KEH



]10. IIMargms and Support Vectors

> How to Quantify "Centrality' ?def 24L& “P”?f" li’

e Margin (J8]fg) : Distance from the closest samp!Le
to the classification hyperplane.sx 1 4 X & 2| 45 &
AT H ey JE B

* Maximum-margin hyperplane: The hyperplane

with the largest minimum distance.

* Support vectors (X #®Z) : Samples lying on the

margin boundaries that determine the hyperplane.

1 FHEBAFLAFAE, k2L TFHLEE



]10. IIMargins and Support Vectors

> Building a Mathematical Model for Margln Max1mlzat10n§£l ] ﬁiik

QAR € X

T
« Hyperplane equation (A-F & ¥ 4%) : ?

wIix+b=0

* Distance from sample to hyperplane:

. BNRRESKEH, EEi BTG RL S 1
B A SR TRz, ERFA: Yi=t1

i %#Zr\ Vi =— 1



]10. IIMargins and Support Vectors

> Building a Mathematical Model for Margln Max1mlzat10n§$l ] Ft%ik
QAR &2 X

* FRHRFMH

X9

yviwIx; +b)>0

 BHREHAH, yilwIx;+b AT, ,
Bl yiwIx;+b) >0
c HEFGHEAKX, LR E BT BAL

EAFEA Yy =+1

i %#Zr\ Vi =— 1



> Building a Mathematical Model for Margln Max1mlzat10n}£l ] Fv%ik
A 59 807

+ JE—fLk
changing/the hyperplane.

x p—
, 2 \ [w]
: 'w and b can be scaled without =24

wlix;+b=0
3wlix; +3b=0
* A wAbHRE, RENTRELFERL
TARAHE AR, A
+ yiw'x;+b) =1
T ReHEAR: y;(wix;+b) =1
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10. ]IMargins and Support Vectors ANy

> Building a Mathematical Model for Margln Max1mlzat10n§$l 7] & &R K
e FRY

L2

* Optimization problem:

max

— st.y;(wlx; +b) =1

w. bWl
* Equivalent form:

minq >

w2 st yi(wTx;+b) =1 ’ 1

w,b?2

° — N = AR W - p 2 iE R A A yvi=+1
i; l kAR P, FLE—2A%K ARAA V-1
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10.2 I Dual Problem

» The Primal Optimization Problem

* Target:

e (onstraints:

yiwI'x; +b) =1

c BREABIRSGHETEWIAREYR



10.2 I Dual Problem i‘ﬁii-f-k%{'

> BRBBRIR: BHRBABS (FHRBAHEHR)
+ JIAEMHERTa; >0

* Lagrangian function:

Liw,b, a) = %HWHZ — z a,-[y,-(wa,- + b) — 1]

« fwheb RBFHESEHE: oL
A % = w — Zazyﬂ}@ = === w = Zazyzmz

Zazyz—~0 — Zazyz—o
. RABAEHBZK, HEwhb



10.2 I Dual Problem

> Final Form of the Dual Problem

After Simplification, Obtain Standard Dual Problem

maXZa — ZZO{ ajy%yJ

3131

s.t. Zaiyz- — 0,
i=1

a@-ZO, izl,...,m

ARG ZRARFA, TENa
HEABEFTHAE, REFTRASZEa; >0

Decision function: f(x) = wlx; + b = 2:’;1 a;yixI'x+b



10.2 I Dual Problem

> Final Form of the Dual Problem
o AR LR #H R 89 &4 | Conditions that Optimal Solution Must Satisfy

- FO=wIix;+b=3" a;yixTx+b (K-T-T&4)
« BHR: a; >0
- Bis#Hi%: yiiwlx;+b) =1
o ZAMEH: a;[y;iwlx; +b)—1]=0
c IFMEHHRE:
s Fa; >0, NHEHFALIFOZ
e LAY, WIx;+b)=1 (U TRIEARE)
c EIHEOEHE a; =0, RHHER



10.2 I Dual Problem

»> Why is the Dual Problem Preferred?

m m m
1 T
max &, — — Cl’@'(]ijiyjﬂ?i SCj
a Z 1 2 ZZ
1=

i=1 j=1

m
S.t. Zaiy@' =0,
i=1

a, >0, 1=1,...,m
» HH AL AW (d4) #AhHEMa (mé)

- e Y a;yix; > wRAERG SIS
o FIME: X % %ai=0, RA S HKei>0 (IEHGHS)
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10.3 I Kernel Functions

> What Did the Dual Problem Leave Us?
o IS B R AL X
m 1 m m
m(?x ZZI: a; — 5 Z Z a@-ajyiyjmgmj

i=1 j=1

+ HABUAAR x;Tx; 695 X

* Decision function: f(x) = wlx; + b = 2:’;1 a;yix'x+b
* Practical Challenge: Linearly Inseparable Problems £%} R 4~ =] &
s HERAFEBEEALEFTAALR/ABTFEL EHT

 Many real-world datasets cannot be perfectly separated by a line/hyperplane



10.3 I Kernel Functions

» Mapping to Higher Dimensions
+ BRBEETIERMTHORE, AFEZAFTRIFELT S
* RIEFIE: X = (X1, X2)
c BRHEI =k @(x) = (X12, x22, V2x1 X3)
+ AHHZHEZET, RAFEAUTHIHBETREIRRIMLT S




70,3'Kernel Functions
> HERRATE H R
. BEBRHIHE: ¢:RYI > RP, L+D>d

« HEARG(X)TD(x;), EZ OD) WH, TRIEFS
- BRBEOEEEXEINE

c REEBNTRHH (AREZRI TR S %ETHIAL) , BLEGRFSERE?



10.3 I Kernel Functions

» Kkernel function

* We do not need to know the explicit form of the mapping function ¢!
¢ AMATE—-NHEK, B EETHSFHEZNEFHAR:
* We only need a function K that can directly compute the inner product in the

high-dimensional space:
K (zi, ;) = (p(2:), d(x;)) = d(z:)" p(z;)

o XA K BAEHE



710.3 I Kernel Functions ‘ﬁ'ﬁiil *%'L

> A LABRBARKEZRNNHATHTHLEZRHAR?
¢« FR—ANZHZN ‘l’%,éz X =(X1,X2) Z=(21,2Z>)
* RAZHAXZ (d=2) -

K(z,z) = (z-z +1)°

-« BRI H-

K(z,z) = (121 + T229 + 1)2

22 2 2
= X121 + Ty25 + 221212229 + 2x121 + 22292 + 1



710.3 I Kernel Functions ‘ﬁ'ﬁiil ’k%i

> R A2 B AR T W W T B R E R 8 R AR
+ BXBMEZHAER
» RA—ARMEHK o, W1 S BB SR T

p(x) = (:17%, 2132, \/§$1$2, \/_11'31, \/_372: 1)

» ASNHEE P HAR:

p(x) - p(z) = T2t + T52s + 2x1 21020 + 2121 + 2229 + 1

= K(z, z)



10. 3'Kernel Functions

c AT HE: BMNRAELTE(2,2) = (z2+1)] XA &H LR
o ANHTN: FMNIBXFET o)), KRBEKAR

o HEMAatkgzn Q4) T —ANREYHHE, FFATHALS
g2 (64) THARMRGEX,

ML

N&ZH  xnur UNIVERSITY OF SCIENCE & -.-m.-umf?:n-
> AR ABRBAKEZRGHEFHTHEZRHGAIR?



70.3'Kernel Functions .ﬁ-,ﬁ;{ x X %_ﬂ

ANHUE UNIVERSITY OF SCIENCE & TECHNOLOGY

> What is kernel function?

o WFHEKXXX-R, wRAEFLE—APRABAZ XS 4T AHABRHEe, #1F
FTFHAX z € X

K(z,z) = (p(z), ¢(2))x

o HP 0 n RAAERRHY AR, AR 2KLR A S K,

2 # FIA X e

%A% (B @) = &, o

% M XA Bl ) = (2] d> 14 %30 K69 R

= M A% K(®y,x5) = exp (— s an|| ) 0> 0% ZHA%e A 5T (width)
g% k(e x;) =exp (— Lfi’”) 5 >0

Sigmoid4#%  k(xi, x;) = tanh(Bz, x; +0) tanhAREEWHH, 5>0,0<0




10.4 Soft Margins and Regularization
K] & 5 iE N4



70,4|SOft Margins and Regularization

» Limitations of Hard Margin

« Hard margin (28] [§) requires: All samples must be correctly classified and
outside the margin boundaries. B7 A ¥ A0SR E 5 5%, HAs-F I8 fg i FZ 9
« ERKIEFEH:
* Noise (% #) :Incorrectlabels or measurement errors.s5 %M x5 KN TR £
* Outliers (7% 14) : Data points significantly different from the majority.5 X
% BH A B RR M 53R
* Overlapping regions (Z & X3%) : Samples from different classes partially
overlap in feature space. R R X A K AFIEZ B P AR5 B



70,4|SOft Margins and Regularization

» From "Must Be Perfect" to '""Allow Approximation"

A A , A A , A
a A A A A A
Ayt a, aat a4, %
A .oA A A A .oA A A A/ e o
a AR Al Je AL Lo A g0, S s &
e o0 be® o 0o Aa o
A, o° "o A o° "o LR
e %o o o %o o A e
® 6] ® @ ® A A~ ®
®e o ®o o
A
A -E h\ —
L] N1

« XAEAS: ATHRRIRER. LEHGEY, TUBL—EKELARE 2R E
A8 [ P
¢ IIANBHEE &; ENENFEANFIAZRL



70,4|SOft Margins and Regularization

> AARE: REARBEESES S XER

o RAEBAR A W2 GEXALER) \
o BB RAMUITH KA R Efe
-+ A5 BARHK

min Slwl? + Ol ((w” o) +8) ~ 1)

=l 0




70,4|SOft Margins and Regularization

> MAARE: RAFRBEREL S X8R

« C>0, ARAHENLAEREN ALK

« HEE L 73
« CARK: NERELEI, BARN G (Tiid
IAE)

o CAR: X RELES, RBTRMAL (T
RIA4A)

min Slwl? + Ol ((w” o) +8) ~ 1)

g=il
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70,4|SOft Margins and Regularization 5

» New Form of the Dual Problem

min Slwl? + Ol ((w” o) +8) ~ 1)

g=il

Where lo/1 is the “0/1 loss function”

P 1 z2<0
o= 0 otherwise

Existing problem: The 0/1 loss function is non-convex (/%) and non-continuous,
which is not easy to optimize!
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70,4|SOft Margins and Regularization

» New Form of the Dual Problem

£(z) 4
\\\ 3|
'\\ lexp(2) = exp(—2)
=4 e B R K H 4K hinge o 2 |
ME., BEME. FFEME Chinge(2) = max(0,1 — 2) "'~..‘..>.,§

% biog(2) = log(1 + exp(—=2))

1 \ .....
1 ifz<0 / X<, /
boj1(2) =

0 ot herwism =~ ~~ .......................

| ]
) -1 0 1 2 Z




10.5 Support Vector Regression
XFWEE)



70_5' Support Vector Regression

» Limitations of Support Vector Classification

* SVM focuses on binary classification problems, outputting discrete class
labels.SVM%iz T — 9 X P&, #r A HEELAHNERE
* Real-world problems require predicting continuous values: price prediction,

temperature forecasting, stock trends, etc.Z0 5% 5] 2 E A E &40 YrA4FA A,
SEMIK. BREAHYF



70,5' Support Vector Regression

» Core Idea of Support Vector Regression ,
Y
o RBASVME" ] " A, AW
y2 & 31" ] fg A
+ BiR: RE-AHE, #REXF
P INGHERELERAZRHEN F.8,
B H 245 18] g W 7Y 0 >

2€ Median




70,5' Support Vector Regression
» Margin Band Concept in Support Vector Regression

o - T~#C A X3 | e-Insensitive Region Y
« 3 AdPEHBLX)H P, ETE
T Reefts mi 0y R 3,
o BN RXIREHF AAA A R EH, 2¢ Mediah Z
ESIEIES Strip R

0 x

o MK FE
o FHAX,Y), X|[f(x)-y|<s WEHAO0
» JeX|f(xi) - yi| >¢e, MEH()-yil-¢



70,5' Support Vector Regression %ﬁiilk%{'

» Comparison with Least Squares Regression

« o=k WA BE K(Z)A

H#ATFF & w5/ N IRAB R R
U(2) = 2*

* SVR: R hek e S IR 45 R
ERAFBBED ///// {0 1) < c
le(z) = ,
2| — € otherwise




70,5' Support Vector Regression
» SVR Optimization Problem

rmLﬂwW+c§xp+@)

wabag’hg’i
Original question
simatd st f (@) i < e+ &
£>0,6>0i=1,2,....m

1 m m X X .
Dual problem — 522 (i — ) (65 — )@

Predictions f(@)=w' (@) +b=) (& — a;)y;r(x; x) +b

fi&m;k

ANHUE UNIVERSITY OF SCIENCE & TECHNOLOGY



